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The distorted kagome lattice antiferromagnet Tb3Ru4Al12 with a hexagonal structure has the Néel temperature
TN = 22 K. To clarify the 4 f -electronic state and an influence of electric quadrupoles in Tb3Ru4Al12, ultrasonic
measurements on a single-crystalline sample at zero magnetic field and under fields were carried. A characteristic
elastic softening of the transverse modulus C66 originating from a quadrupole interaction was found. The crystal
electric field parameters were determined to reproduce C66, magnetic susceptibilities, and magnetization curves.
The obtained level scheme is that the ground and first excited states are singlets, despite the existence of both
the magnetic transition and the quadrupole interaction, indicating that Tb3Ru4Al12 is a curious compound.
The positive sign of the quadrupole-quadrupole coupling constant for C66 indicates a ferroquadrupolar-type
interaction of the electric quadrupole Oxy or O22. The anisotropic magnetic field dependencies of TN in the field
along [100] and [001] were also clarified.
DOI: 10.1103/PhysRevB.101.165116
I. INTRODUCTION
Exotic physical properties arising from the spin and orbital
degrees of freedom, such as magnetic ordering accompanied
by complex magnetic structures and multipolar ordering,
have attracted much attention in rare-earth compounds with
localized f electrons [1–4]. The electric quadrupole, which
is caused by the orbital degrees of freedom, often plays an
important role for physical properties under a crystal electric
field (CEF). The ternary rare-earth compounds R3Ru4Al12 (R:
rare-earth, Y, and U) with the hexagonal Gd3Ru4Al12-type
structure (space group P63/mmc) at room temperature have
a distorted kagome net consisting of the R atoms in (001)
planes [5,6]. The R-Al and Ru-Al layers are stacked along
[001] alternately. This series has been primarily studied in
terms of magnetism, for instance, an antiferromagnetic and
a field-induced quadrupolar orderings in Dy3Ru4Al12 and a
helical ordering of spin trimers in Gd3Ru4Al12 [7–24].
The Tb-based Tb3Ru4Al12 undergoes an antiferromagnetic
ordering at TN = 22 K reported by the specific heat and
following measurements [12,13]. The electrical resistivity
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shows a metallic behavior. The temperature T dependence
of the magnetization increases steeply below TN under a
magnetic field H at 0.1 T along [001] in contrast to those
in the (001) plane which decrease below TN at 5 T. The
magnetization M curves display two- and one-step anomalies
accompanied by hysteresis in H around 1 T along [001] and
around 6–7 T in the (001) plane, respectively [12,14]. For the
phase transition at TN, an incommensurate-type long-range
antiferromagnetic (AFM) ordering was proposed by neutron
diffraction experiments [15]. The ordered magnetic structure
is that reduced Tb magnetic moments are almost aligned
along [001] forming a ferromagnetic-type state in the unit cell
and are slightly canted toward [120]. A stripelike magnetic
domain structure consisting of one spin-up and two spin-down
states, therefore AFM ordering, was reported. In addition,
spin-glass-like features were also suggested below about 17 K
[14,15].
The magnetic susceptibility χ obeys the Curie-Weiss law
above 100 and 170 K along [100] and [001], respectively [12].
The effective magnetic moments were determined to be 10.4
and 10.7 μB, respectively, which are around the value for
the free Tb3+ ion (9.72 μB). Here, a contribution from the
Ru 4d electrons was suggested as a reason to have effective
magnetic moments larger than the theoretical value. These
results suggest that 4 f electrons of the Tb3+ ion are almost
localized and there is the CEF effect in Tb3Ru4Al12. The
13-fold multiplet of the Tb3+ ion (the total angular momentum
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J = 6) splits into five singlets (21, 2, 3, and 4) and four
doublets (25 and 26) under the hexagonal CEF determined
by the group theory using the character table for D6h point
group, where l is the irreducible representation.
In our recent works, it was clarified that a quadrupole
interaction by electric quadrupoles under the hexagonal CEF
plays an important role for understanding physical properties
in the R3Ru4Al12 system [19,20,22,24]. The ultrasonic tech-
nique is a powerful tool for investigating the quadrupole inter-
action because a strain induced by ultrasound bilinearly cou-
ples to a corresponding quadrupole moment [25–35]. Here,
the transverse modulus C66 (C44) is the linear responses to
the εxy and εxx − εyy (εyz and εzx) strains which couple
to the quadrupoles Oxy and O22 (Oyz and Ozx), respectively,
in the hexagonal symmetry. The CEF analyses based on the
elastic properties in addition to the magnetic properties make
the results more precise [20,22,24,33,34,36]. In this work, to
clarify the 4 f -electronic state under the CEF and an influence
of the quadrupole interaction in Tb3Ru4Al12, we measured
the elastic moduli using ultrasonic technique at zero magnetic
field and under fields, and determined the CEF level scheme
and the H-T phase diagrams.
II. EXPERIMENTAL DETAILS
Single crystal of Tb3Ru4Al12 was grown by a modified
Czochralski method in triarc furnace and the lattice param-
eters were determined to be a = 8.784 Å and c = 9.542 Å at
room temperature [12]. The orientation of the single crystal
was confirmed by back-scattered Laue diffraction patterns.
The elastic moduli C11, C33, C44, and C66 were measured
as a function of T from 2 to 150 K and of H up to 10 T
using a phase-comparison-type pulse-echo method and a
superconducting magnet [37]. The moduli C11 and C33 are
the longitudinal modes with the propagation and polarization
directions along [100] and [001], respectively. The transverse
moduli C44 and C66 are the modes propagating along [100]
with the polarization direction along [001] and in the (001)
plane, respectively. The absolute value of the elastic modulus
C was calculated using the equation C = ρv2 with a room
temperature mass density ρ = 6.276 g/cm3, where v is the
sound velocity in the sample. We used LiNbO3 transducers
with the fundamental resonance frequency of about 30 MHz.
Magnetic measurements were performed by using a com-
mercial Magnetic Property Measurement System [(MPMS)
Quantum Design] down to 2 K and up to 5 T.
III. RESULTS AND DISCUSSION
A. Magnetic susceptibility
Figures 1(a) and 1(b) show the T dependencies of χ along
[100] and [001], respectively, in Tb3Ru4Al12. χ along [100]
at 0.1 T increases with decreasing T and changes the slope
upward at TN. Above 0.5 T χ tends to be reduced below TN.
TN decreases with increasing H and survives up to 5 T along
H ||[100]. On the other hand, an abrupt enhancement below TN
is observed in χ along [001] at 0.1 T, as shown in Fig. 1(b).
With increasing H , TN decreases rapidly and becomes unclear
above 1.5 T. The magnetic behaviors of the data at 5 T along
FIG. 1. T dependencies of the magnetic susceptibility χ along
(a) [100] and (b) [001] on field cooling at elevated magnetic fields.
The curves along [001] above 1 T are vertically offset for easier
viewing of each data curve. The arrow indicates the phase transition
at TN.
H ||[100] and at 0.1 T along H ||[001] are consistent with the
data previously reported [12].
B. Elastic modulus
The T dependencies of the longitudinal elastic moduli C11
and C33 in Tb3Ru4Al12 are shown in Fig. 2. Both moduli
harden monotonically with decreasing T at high temperatures.
The modulus C11 displays a slight softening below 50 K. At
TN an elastic hardening is observed in both moduli.
Figure 3 shows the T dependencies of the transverse elastic
moduli C44 and C66 in Tb3Ru4Al12. Both moduli increase
monotonically on cooling down to 50 K. With further decreas-
ing T , C44 exhibits a change of the slope at TN. By contrast,
an obvious elastic softening is detected below 50 K in C66.
The softening stops at TN and C66 starts to harden below
TN. No obvious anomaly is observed around 17 K owing to














FIG. 2. T dependencies of the longitudinal elastic moduli C11
and C33 in Tb3Ru4Al12. The vertical arrow indicates the phase
transition at TN.
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FIG. 3. T dependencies of the transverse elastic moduli C44 and
C66 in Tb3Ru4Al12. The vertical arrow indicates the phase transition
at TN. The red solid and blue broken curves represent the fitting result
and the background stiffness, respectively.
C. Crystal electric field effect
The elastic softening of C66 starts from quite higher tem-
perature than TN, suggesting that the softening is not caused by
a precursor or fluctuation of the phase transition. The soften-
ing is a characteristic behavior originating from a quadrupole
interaction under the CEF. We performed the CEF analyses
for the elastic modulus C66, inverse magnetic susceptibili-
ties, and magnetization curves. We considered the effective
Hamiltonian Heff :
Heff = HCEF + HQ + Hex + HZeeman,











JABex (〈Jx〉( j)Jx + 〈Jy〉( j)Jy + 〈Jz〉( j)Jz ),
HZeeman = −gJμBJH,




m are the strain-quadrupole cou-
pling constant, the quadrupole-quadrupole coupling constant,
the quadrupole operator, the CEF parameter, and the Stevens
equivalent operator, respectively. 〈Oi〉, 〈Jx〉, 〈Jy〉, and 〈Jz〉
represent the thermal average of operators. The subscript i =
6 denotes xy, and subscripts x, y, and z correspond to [100],
[120], and [001], respectively, in the hexagonal symmetry.
The quadrupole interaction term HQ is for only C66. The T
dependence of the elastic modulus, Cii(T ), is represented by
the following equation:
Cii(T ) = C0
[
1 − (N0g2i /C0 + g′i)χs(T )
1 − g′iχs(T )
]
,








−1.10 −5.00 ×10−4 5.00 × 10−6 −2.65 × 10−3
where N0 (= 9.41 × 1027 m−3) is the number density of Tb
ions per unit volume at room temperature and χs is the
so-called strain susceptibility [38]. We adopted the so-called
Varshni equation as the T dependence of the background
stiffness C0 [39]:
C0(T ) = C0K − s
exp(θD/T ) − 1 ,
where C0K is the elastic modulus at 0 K, θD is the Debye
temperature, and s is the fitting parameter [40].
For the calculation of 1/χ and M, we adopted the mean-
field term of spin exchange interaction Hex in the AFM
ordered state, including a parameter of an intersublattice
spin-exchange interaction JABex , where symbols A and B mean
two sublattices [41]. We disregarded an intrasublattice spin-
exchange interaction to simplify the analysis. HZeeman is the
Zeeman term. 1/χ and M were calculated using the CEF
model in the usual manner [42,43].
The red solid curve in Fig. 3 is the best fit. The softening
of C66 above TN is well reproduced by the theoretical curve
of the strain susceptibility with fitting parameters listed in
Tables I and II. This fitting result reveals that the softening
of C66 originates from the quadrupole interaction, which is
of ferroquadrupolar type because of the positive sign of g′.
Figures 4(a) and 4(b) show fitting results of the 1/χ vs T and
M vs H data, respectively. The gradient of both 1/χ data
and the magnitude of magnetic anisotropy are qualitatively
reproduced, as shown in Fig. 4(a). Here, JABex = 1.02 K was
determined to reproduce TN, and the ferromagnetic interaction
of JABex is consistent with the results by neutron diffraction
studies of which the ferromagnetic interaction exists in the
unit cell [15]. If there is no spin-exchange interaction, the
absolute values of the calculated results further deviate from
the experimental data. A magnetic contribution from the
Ru 4d subsystem was supposed in Tb3Ru4Al12 as well as
Dy3Ru4Al12 [12,16]. The reason why the absolute values
of 1/χ are not explicable by the calculation may be owing
to an influence of the Ru magnetic moments. On the other
hand, M curves shown in Fig. 4(b) are explained by the
calculated results except for the two-step anomaly in M along
H ||[001] [12]. To reproduce the two-step anomaly, a compli-
cated model considering the reported ordered state may be
needed.
From these fittings, we determined the CEF level scheme:
the ground singlet 1, the first excited singlet 2 at 13 K, the
TABLE II. Fitting parameters of C66: |gi| (K), g′i (K), C0K (GPa),
θD (K), and s (GPa). We used the value of θD obtained from the
electrical resistivity [12].
|gi| g′i C0K θD s
C66 15.2 0.41 73.2 281 3.94
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FIG. 4. (a) T dependencies of the inverse magnetic susceptibility
at 0.1 T. (b) Magnetization curves at 2 K. The calculated results are
represented by solid curves. The data of M are the same with the data
previously reported [12]. (c) The 4 f -level scheme of Tb3Ru4Al12
obtained from the CEF parameters listed in Table I.
second excited doublet 6 at 23 K, and so on, as shown in
Fig. 4(c). Below 22 K which corresponds to the temperature
of the AFM ordering, two singlets 1 and 2, possessing
only interlevel spin interaction of Jz, exist at zero mag-
netic field. This result is consistent with the ordered state
in Tb3Ru4Al12.
The ground singlet 1 has no quadrupole degeneracy.
The softening of C66 above TN is caused by an interlevel
quadrupole interaction between the ground singlet and the
excited states under the hexagonal CEF. On the other hand,
the hardening of C66 below TN is not reproduced, reflecting
that the interlevel quadrupole interaction becomes weak in the
ordered state due to the splitting of the CEF states by a local
internal magnetic field of the AFM ordering. In addition, C11
is affected by the elastic behaviors of (C11 − C12)/2 which
degenerates with C66 in the hexagonal symmetry. The slight
softening of C11 below 50 K might be due to the quadrupole
interaction corresponding to (C11 − C12)/2 [25,34]. The rea-
son why we adopted the singlet ground state will be discussed
in Sec. III D.
D. Magnetic field-temperature phase diagram
To investigate the ordered state under magnetic fields in
Tb3Ru4Al12, we carried out ultrasonic measurements under
fields. Figures 5(a) and 5(b) show the T and H dependencies
of the elastic modulus C66, respectively, along H ||[100]. An
elastic hardening is detected at TN in the T dependencies of
C66 up to 6 T. TN decreases by applying H as is the case with
the magnetic susceptibility shown in Fig. 1(a). Above 1 T a
broad minimum appears around 30 K. The broad minimum of
FIG. 5. T and H dependencies of the elastic moduli (a) and
(b) C66 and (c) C11 along H ||[100] at various conditions in
Tb3Ru4Al12. The data are plotted adding a constant value to easily
see each data curve. The arrow indicates the phase transition at
TN. (d) The H -T phase diagram along H ||[100]. The broken curve
is a guide for the eyes. Black circles and magenta down triangles
(red squares and blue up triangles) represent the phase boundary
determined by the T (H ) dependencies of the elastic moduli. NOS
indicates the nonordered state.
the transverse modulus was also observed in the isomorphic
compound Dy3Ru4Al12 [20]. The interlevel quadrupole inter-
action depends on the energy splitting and the magnitude of
the matrix elements between the ground and excited states of
the CEF and is changed by the Zeeman energy. The broad
minimum might appear as the result of a balance between
the softening owing to the interlevel quadrupole interaction
and the background stiffness. As shown in Fig. 5(b), the
H dependence of C66 at 2 K exhibits an abrupt hardening
at approximately 6.2 T. The magnetic field of the harden-
ing decreases with increasing T . There is no clear anomaly
above TN.
The H dependencies of C11 are shown in Fig. 5(c). The
modulus C11 displays a sharp downward peak at the phase
boundary of TN. The peak becomes broad at 15 K and dis-
appears at 25 K. From the T and H dependencies of the
elastic moduli and the magnetic susceptibility, we plotted the
H-T phase diagram of Tb3Ru4Al12 for [100], as shown in
Fig. 5(d). TN decreases monotonically with increasing H and
the phase boundary closes around 6.2 T, consisting with the
AFM ordered state.
Figures 6(a) and 6(b) show the T and H dependencies of
the elastic modulus C33, respectively, along H ||[001]. The T
dependence of C33 at 0 T exhibits an elastic hardening at TN.
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FIG. 6. T and H dependencies of the elastic moduli (a) and
(b) C33 and (c) C44 along H ||[001] at various conditions in
Tb3Ru4Al12. We plotted C/C by adding a constant value to easily
see each data curve. The arrows indicate the phase transitions.
(d) The H -T phase diagram along H ||[001]. The broken curves
are guides for the eyes. The middle point of hysteresis is defined
as the phase transition, and hysteresis is depicted by an error bar.
Black circles and magenta down triangles (red squares and green
up triangles) represent the phase boundary determined by the T (H )
dependencies of the elastic moduli.
The temperature of the hardening decreases with increasing
H up to 1 T, and there is no anomaly in the data at 2 T
down to 2 K. Two clear elastic anomalies are detected in the
H dependencies of C33 below 10 K, as shown in Fig. 6(b).
The anomaly around 1 T is accompanied by visible hysteresis.
These behaviors are consistent with the experimental data of
M curves [12,14]. Above 20 K no clear hysteresis is observed.
As shown in Fig. 6(c), the H dependencies of C44 display
an elastic softening accompanied by visible hysteresis around
1 T. There are two anomalies in C44 below 12 K as well as
in C33. The magnetic fields of the anomalies decrease with
increasing T , and no anomaly is seen at 25 K. From these
results including the magnetic susceptibility, we obtained the
H-T phase diagram of Tb3Ru4Al12 for [001], as shown in
Fig. 6(d). The AFM phase boundary closes around 1.4 T.
In the AFM ordered state, another phase boundary of first
order exists around 1 T, and it becomes unclear above 12 K.
There is a possibility that this phase transition arises from
modulation of the magnetic structure, because M curve shows
a step anomaly around this field [12,14].
Hereafter, we focus on the influence of electric quadrupoles
in Tb3Ru4Al12. The elastic softening of C66 at zero field
indicates that the quadrupole interaction of Oxy or O22 is
stronger than that of other quadrupoles in Tb3Ru4Al12 in
contrast to Dy3Ru4Al12 and Ho3Ru4Al12, which show a large
FIG. 7. The H dependencies of the calculated CEF energies
along (a) H ||[100] and (b) H ||[001]. The ground singlet is depicted
by the red solid curve.
elastic softening of C44 with an antiferroquadrupolar-type
interaction [19,20,22]. This means that a coupling constant
of the quadrupole interaction of Oyz or Ozx corresponding
to C44 is relatively small in Tb3Ru4Al12. The sign of g′
in Tb3Ru4Al12 (C66, positive) is also different from that in
Dy3Ru4Al12 and Ho3Ru4Al12 (C44, negative), however, the
origin of these differences is unclear at present.
On the other hand, under magnetic fields, the energy
splitting between the ground and excited CEF states by
the Zeeman energy should be considered for understanding
the magnitude of magnetic and quadrupole interactions in
Tb3Ru4Al12. We calculated the H dependencies of the CEF
energies, which were calculated using HCEF + HZeeman, as
shown in Figs. 7(a) and 7(b). Along H ||[100], the ground
state and the excited states possessing the interlevel magnetic
and quadrupole interactions separate gradually by applying H ,
suggesting that the interactions become weak by H . Then TN
decreases monotonically with increasing H ||[100], as shown
in Fig. 5(d). By contrast, the excited states do not approach the
ground state, and the first excited singlet parts from the ground
state rapidly by applying H ||[001], as shown in Fig. 7(b).
Therefore, the AFM phase boundary shown in Fig. 6(d) closes
at low field along H ||[001].
In the isomorphic compound Dy3Ru4Al12, the field-
induced quadrupolar ordering emerges along both H ||[100]
and H ||[001] [20]. This is because the excited state ap-
proaches the ground state and the quadrupole interaction is
enhanced with increasing H . In Tb3Ru4Al12, the excited states
part from the ground state by applying H , then no field-
induced phase transition appears.
Last, we discuss about the singlet ground state in
Tb3Ru4Al12. In our CEF analyses, the CEF level scheme
shown in Fig. 4(c) is the best in order to reproduce a character-
istic upturn of M below 6–7 T in the (001) plane [12], because
the interlevel spin interactions of Jx and Jy exist between the
singlets (1 and 2) and the second excited doublet 6. In
case of the doublet ground state, we have not found CEF
parameters to reproduce the characteristic upturn of M in
the (001) plane. In addition, the H dependencies of the CEF
energies shown in Figs. 7(a) and 7(b) can also explain the
anisotropic field dependencies of TN in the H-T phase dia-
grams of Tb3Ru4Al12, as mentioned above. For these reasons,
we adopted this CEF level scheme. This makes Tb3Ru4Al12 a
unique compound forming the ground singlet and first excited
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singlet states, despite that the magnetic transition occurs and
the quadrupole interaction exists obviously.
IV. CONCLUSION
We performed ultrasonic measurements on a Tb3Ru4Al12
single crystal down to 2 K and up to 10 T. The transverse
modulus C66 shows an obvious elastic softening at zero
field. By theoretical analyses of C66, magnetic susceptibilities,
and magnetization curves using the hexagonal CEF model,
we clarified that the softening is caused by the interlevel
quadrupole interaction. We proposed the CEF level scheme:
the ground singlet and the first excited singlet separated by
13 K, hence, the AFM ordering originates from the inter-
level spin interaction. The anisotropic H-T phase diagrams
for [100] and [001] were also clarified, and those can be
qualitatively understood by the CEF model.
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